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1. , -#.0/132547698;: <>=@?BADCE8GF
, H5IKJMLON5P (

=@?@AQCR83F
), SUTVL5N5P , HXWZY7[5P , \G]_^9`5P , acb ,d JfegJ9hOiOjMk5lZm_n =@?@AoCR8GF ( P ) pEqOrtsvuOwyxozO{;| .

dD}�~ J =B?KAoCR8_F j , �5|Q�O�;� ~� Jf�G�B�7� , �K� ( �5� , H5I , SUT , �O�gnc� ) �o���v�B�G|g�D{��9�Dm3JO�5�GifuOw�xDzG{3| .dQ}�~ J =g?@AoCE8_F iX�5{5z_j , �5�_�7�5�BJQ Z¡_nB�MiZ¢X|D£¥¤GiZ¢9¦Rz =g?@AoCE8_F J9{�s¨§O�_J©OªO«5¬
( ­ 8_®R¯ , hR°O± ) pE�G²�xMn³s´nZ¦X�fµO¶@i ,

=B?BADCE83FD·O¸ �5xDz3j , ¹5Jg�DmK�Dº@�X» d�opO�@¼Vn³s´n3|QµG¶¥p3�_| . ½¥¾_¿ , À 1.1 J¥¢Z�Dn 1;2549698;:Á<Â=B?BAoCV83F �QÃ¥¾OzGÄg¢Z� .
d J=B?BADCE83F i9�_{5z , ½¥¾_¿fÅ3Æ¥JEÇ ® pV ¥¡�xf�fµO¶@ifÅOÈ@J7É 8EÊK8 � ~ÌË È@J7É 8EÊK8 ( Í5Î =B?ADCE83FfÏ J5ÐEÑBÒ )

Ï JfÓ5]¥pEÔOÕK¾5z"xf�@� . ÅOÈgJVÉ 8RÊK8 � Ë Æ¥JEÇ ® �DÖK×9­ 8_®R¯ p5Ø7[yxf�µO¶@i¥Ù , ÚfÛ@JX¡X�Zp9Ü³ÝE| .

À 1.1:
132547698;:Á<Â=B?BADCE8_F JR½

xo�cx , À 1.2 �EÞ"ß } |3¢;�on =@?gADCR8GF ©5ª �_� } ¿ , ¹UJZ¢;�Dn d �Qj5nU{GJX� , À 1.2 J =K?@ACE83F JVà3pVá5âOã¥pVäK{"�æåK¾;|7�_�_ç@� .èOé iX�G{Uz3j , êOëOì¥�îí3¿ } |Qq_ï_mGnEð5ñc�QòZ{Uz ,
=@?gADCR83F JfáUâGãc�oó5ô�x , ß ~ i , á5âã¥p «3õ ß } |Qö5÷@ifø@�5n5{EµO¶@jMá5âGã"�Däg�3|U�9�GiOj , �G�Uxf� ~úù {_J9�¥�QÃOû3»¥| .
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À 1.2:
132549698;:Á<Â=@?BADCE83F JR½

2. ������� , ?

� J7À 2.3 j , À 1.2 JfÇ ® � ¯Z8;: nc�R� a, b, ... nc�5�Eë	� ¯ ��
B�5�f�Z�
�yxDz , ��¼��³xQ�¥ÙVJ9��_| .
d JZ¢Z�Di , �����g�Mj , {�s¨§O�3J���� ( �����D�XÙQí;¿ } | ) �f¹ }�~ J �O�KÚ
!@�oÖK×5{�sÌ§G�J "¥� ~ n3|VÀ$#@J d �E�7{"� .

e
a

b c

d

f

g

À 2.3: êOëOìXJR½
ÙZ�&%�x , �KÝM�Oi '�(�xDzGÄK¢Z� . �����K�Mj , �G�gJ�)O¶ V �+*�)O¶ E JRð G = (V, E) J d �E�7{� .
dOd � , E J	, «5¬ j V J 2 -3� ~ n3|�)O¶¥�3�_| .

.
2.1: ½¥¾_¿ , À 2.3 J3êOëOìXj ,

V = {a, b, c, d, e, f, g}, E = {{a, b}, {a, d}, {b, c}, {b, e}, {d, e}, {f, g}, {e, g}, {c, g}} (2.1)

JRð��5xoz0/Z¾ ~ú} | .

xM�7p3¦Mz , 1gj d J3¢;�DiGêUë5ìRp$/3¾ ~¨} � ~ , ¹UJ�2c¼DàZj 304Z�Gj9nU{B�o{c�&5Ki�6�4�xX¢;� . ½¾;¿ , À 2 J (a) � (b) j , �;à��XÙ87 (2.1) �9/Z¾ ~ú} |GêOëGìO��2K{3�¥Ù7J9�Z�_| . êGëOì G = (V, E)
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a

b

c

d

e
f

g

(a)

a

b

c

d

e

f

g

(b)

À 2.4: 7 (2.1) �0/Z¾ ~ú} |5êOëOì9J��gn3|�2�¼Qà
iRðyxDz , *@J��

{v0, v1}, {v1, v2}, · · · , {vk−1, vk}

� G È@J�� ( �_|X{_j , ��� ( �	�K� path)) �îíG× .
dQ} � , v0 � ~ , vk

Ï JM\��XÙR{�� .½¥¾_¿ , À 2.3 J3êOëOì9i9�G{Uz ,

{a, d}, {d, f}, {f, g}

j , a � ~ g
Ï JM\K�3�_|¥x ,

{a, b}, {b, e}, {e, d}, {d, f}

j , a � ~ f
Ï JM\K�3�_| .êOëOì G = (V, E) j , 
�4gJ 2 �G� v, w iRð�xDz v � ~ w

Ï JM\KpVu5wZ»¥|g�7¼7i , �
�¥�3�_|K�îí;¿} | . ½¥¾_¿ , À 2.3 J3êOëOì9j��OÖ¥�3�_| .

3.
�������

�
�������

À 2.3 J3êOëOìXj��GÖ¥�3�_|g�QÚ��;i ,

¹UJ3êOëOìV� ~ 
�4gJ 1
è J *c�����³xDz@Ù , �����GÖ¥�3�_| (3.1)

�D{��Ìã �@�"!�¦EzO{;| d �Mj�#@i%$3� . ã � (3.1) �Dø	&Z»¥|GêOëOì9J d �E� 2- "	�
� �����g�îí_× .dQ} j ,
d J_êOëUìVp('
)gJ 1_2U476X8;: < =@?@ADCf83F �"*	+-,�xf�ZÙRJ9�_�_|K�D{"� d �E�".Z{OÐ�/¿ , 0 �MJ9­ 8G®R¯ p5Ø7[�xf�B�UxDz@Ù , 
�4@J 2 �G�21;JM`Oá¥p�39²¥�3�_|54³�D{�� d �E��476O»Z| .¢g� 3�8Zm;i k ≥ 1 iMðyxDz ,

¹5J3êOë5ìV� ~ 
�4@J k − 1
è J *"�����³xDz@Ù , �9���GÖ¥�3�G| (3.2)

�D{��æã �@�QÃK¾;| d �QpO�g¼Rz ,
d Jfã � 3.2 �Dø
&Z»K|GêOëOì5J d �E� k- "
�
���Dí_× . (

1;2549698:�< =B?BADCE83F �3j , 2
è
: È@J5­ 8_®E¯ p_Ú9�;iXØ7[�xDz"xV�@�5�M{�� d �MjRÃK¾_i�sú{Op , H5IULGNPK�3jE�5�2�;iOjO¹B�o{�� d �XÙ<;Á�>=c|7�3�_ç@� . )êOëOì G = (V, E) iRðyxDz ,

λ(G) = max{k | k ≥ 1, G j k- *9�GÖ } (3.3)
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�
'�(�ß } | λ(G) � G J�"
�
�����îí_× .

.
3.1: À 2.3 J3êOëOì9J �GÖ��gj , 2 �3�G| .

ê5ë5ì5�"'	)@iMÃZ¾_�Mk5lZm_n =g?@AîCE8_F J7��� ¯ �UxDzVÃ¥¾_|K� , *9�GÖ��KjG¹9Jfk5l;m =@?@AîCR8F Jf Z¡3iRð;»¥|Qá5âGã"���;»�3_§;J����Z�3�G|g�¨Ã¥¾ ~ú} | .

4. �
	 �
G = (V, E) J��GÖ�� λ(G) p k �æa�xo{"�î»¥|g� , G j k- *	�GÖZ�3�_|7p , k + 1- *9�GÖZ�3j5n5{ . ��
 ,�G| k
è J�*c�(�%�_»Z|¥� G j �GÖ;�_jUn�sún3| .

d JZ¢;�Qi , ¹ }³~ ���%�G»;| d �MiZ¢7¦fz¥ê5ë5ìRp5�Ö¥�_j5n³s´n_|;¢Z�on	*@J�����)O¶Kj������������M�´í;¿ } | . êOëOì G J��OÖ�� λ(G) j , � ?@A��B?BAJ����"�QòZ{5z : Æ¥J¥¢Z�Qi�����x �_» d �op5�g¼9| .

λ(G) = min{|K| |K j , G J�� ?BA��"?BA }. (4.1)

�G������)O¶ W ⊆ V ifðyxDz , E(W ) ⊆ E �
E(W ) = {{v, w} ∈ E | v ∈ W, w 6∈ W}

�
'�(Z»Z| . ��
 , E(W ) j W J5hGJ �G��� W J� @J �G�c�DÖ¥× *@J )O¶¥�3�_| .

.
4.1: À 2.3 J3êOëOì9iX�G{5z , W = {a, d} �5xf�B�V¼7i ,

E(W ) = {{a, b}, {d, e}, {d, f}}.

e
a

b c

d

f

g

W

À 4.5: E(W )

W 6= ∅, V �;� } ¿ , E(W ) j�� ?BA!�c?BA i5n;|g�D{�� d �Mj#" ~ �G�3�3| . �5��$Bi , F ⊆ E p%� ?A��"?@A �3�_|UJUn ~ ¿ , �_| W 6= ∅, V iRð�xDz , E(W ) ⊆ F �Qn_| d �E�($¥|9JOj'&³xQ{ . xf�9pK¦Ez ,

7 (4.1) J Ë#( J�'�)#*@j , E(W ) (W 6= ∅, V ) �D{�� #B�¥xf��� ?BA+�"?BA i¥¢U¦Rz-, ª ß } | . xf�9pK¦z , 7 (4.1) jZß ~ i : Æ¥J¥¢Z�Qi ��¼R�G¾3| d �opO�g¼9| .

λ(G) = min{|E(W )| | ∅ 6= W 6= V } (4.2)
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5. 2 ����� �������

7 (4.2) J Ë#( J '�) *c�Z�QJZ¢;�îi����Z» } ¿ ù {U�G�GçK�´�
	úêUë5ìXJ��5�KJMqZp n �_�O|K�9xM� ~ ,

W 6= ∅, V �3�G|;¢Z�Dn W Jfq@j 2n − 2 �@�G| . Æ¥J��@j , {�s¨§5�3J n iRð�xDz 2n − 2 J�*c���
��xf�ÙVJ9�3�_| .

n 2n − 2

10 1022

20 1048574

30 1073741822

40 1099511627774

100 1267650600228229401496703205374

200 1606938044258990275541962092341162602522202993782792835301374d J	�¥� ~ �¥�¥| d �fj , n p����¥m )�ß@súzcÙ 2n j����_ï_m;nEq��ci5nZ¦Ez�xE�B�O�D{�� d �D�3�3| 1.� �
�K�9�g|UJOj��Ol¥�3�_|Kx ,
132549698;: ���
�Z»¥|Ui@xDz@Ù n = 100 s ~ {9p����¥�3�_ç@� .� {_i¥Ù , λ(G) �g�f�cs��
�¥»¥|Rà��Kp3�O| 2.êOëOì G = (V, E) J 2 �G� s, t ∈ V ifðyxDz ,

λs,t(G) = min{|E(W )| | s ∈W, t 6∈ W}

�D{����"�QÃ¥¾;|K� , 7 (4.2) j ,

λ(G) = min
s6=t

λs,t(G) (5.1)

�+�Ás d �opO�g¼9| .
dQ} j ,

· z3J s, t ∈ V iX§_{5z λs,t(G) � �!�¥» } ¿ , λ(G) p��
�K�g¼9| d �E��4
6O»¥| .

G = (V, E) iRðyxQz , G È@J s � ~ t
Ï J k

è JM\ P1, P2, · · · , Pk j , Ù3xG�MJ#"-�gn3| 2
è JM\ Pi, PjÙ *"� $�%�xMn5{c�7¼ , "'&Z�3�G|g�îí;¿ } | ( À 6.8 �($B¢ ).

e
s=a

b c

d

f

t=g

À 5.6: * ¬ n k = 2
è JM\ ( (U[@J ��� )

1 )�*,+.-0/2143 (combinatorial explosion) 57698.:4;4<,= .
2 > :,? , @BA4CEDGF�HBC

det(A) = I
π

a1π(1) · a2π(2) · . . . · a
nπ(n)

DKJ�LEDGM DGN0O n! PRQS=�D4T , U�V2W XZY
5[698.:0=G\�]#^[_0`S8Ka�bET2\�]0cEVd= > 5GTfe0;B<,= .
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���
5.1 (Menger J '5l ( * ÊK8����V2 )): êOëOì G = (V, E) � , G J 2 �G� s 6= t iRðyxQz , λs,t(G) j ,

s � ~ t
Ï J * ¬ nf\BJ�'�� è q@ifa�xQ{ .

'Ol 5.1 i¥¢U¦Ez , λs,t(G) ���
�¥»¥|U�5�GiOj , s � ~ t
Ï J * ¬ nf\BJ�'�� è q"� õ � } ¿ ù { d �MinZ¦X� . s � ~ t

Ï J * ¬ nf\@J�'�� è q@J �
�3à��Bj , 	 8 �VÞZ» .

6. � ����� � � �����df} �7�;j , ê_ëOìV� ~�
 è *"������xDz@Ù �GÖGã¥p
�B� } |7���D{�� d �V�QÃ¥¾Ozg¼X� .
dM} j ,

=@?AoCR8_F JMá5â5ãgJ ���gi9�O{9z3j , ­ 8G®R¯ p 
 è ØV[�xozgÙ =@?gAoCR8_F �Uxîz3JQ�G²c�oº2/¥|E���o{� d �Qifð��;»Z| . ���Kj ,
=K?gADCR8GF JUhR°O� ( Ç ® � ¯Z83: nB� ) p 
 �5 Z¡"xîzgÙ��c¦V� =g?@AîCR8F jM�O²Z»¥|7�"�D{�� d �E�QÃ¥¾3| . êOëOìîl��BJfå��¥� d J d �E�������_»�� , êOëOìE� ~�
 ���G�c���

�³xDz@Ù���¦X�3êOëOìVp(�GÖZ�3��� =c|7���D{"� d �o�3�_| .êOë5ì G = (V, E) �&�G������)O¶ W ⊆ V iRð�xDz , G � ~ W �����³xf�GêOëOìK�Mj , G � ~ W � WJUhOJ��O�¥i7§3n9pZ¦MzO{3| · zGJ�*c���#� �5{G�_ê5ë5ìR�_�_| . G � ~ W �(�%��xM�_ê5ë5ìO� G \W �
�Z» ( À 6.7 �($B¢ ).

e
a

b c

d

f

g

(a)

b c

d
g

f

(b)

À 6.7: (a) G � (b) G \ {a, e}

ê_ëOì G = (V, E) p k- �-�¥�;�_|@�Mj , ��¼OßEp k − 1 �;�;|;¢Z�Qn5
�4@J	�G����� )O¶ W iEð�xDz
G \W p(�GÖ¥�3�_| d �E�V{�� .

.
6.1: À 6.7(a) J3êOëOì9j , 3- �OÖ¥�3�_|7p , 4- �5Ö¥�3jUn5{ .

êOëOì G = (V, E) J��
���y�Mj ,

κ(G) = max{k ≥ 1 |G j , k- �GÖ } (6.1)

�
'�(�ß } |! #"Oq κ(G) �3�_| .

*	�GÖ��gJB�7¼Z�QÚBÝ9¢Z�Di , �GÖ��gj : Æ¥J¥¢Z�Qi ��¼%$K¾3| d �opO�g¼9| .

κ(G) =

{

|V | − 1 if G p'& · êOëOì ,

min{|W | |W ⊆ V, G \W j�(9�GÖ } otherwise.
(6.2)

dOd � , & · êOëOìK�Mj�
�4@J#"
�gn3| 2 �G�21Gp
*¥�EÖ@¿ } zG{;|;¢Z�Dn3êOëOì9J d �o�3�G| .
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.
6.2: À 6.7(a) J3êOë5ì9J��GÖ��gj , 3 �3�_| .

ß ~ i , *	�GÖ��gJg�7¼7JZ¢Z�Di3ê5ëOì G = (V, E) J#"	�gnG| 2 �G� s, t � , {s, t} p G J *;�_nU{gÙEJiRðyxDz , κs,t(G) �
κs,t(G) = min{|W | |W ⊆ V \ {s, t}, G \W iOj s � ~ t

Ï JM\ZpVuOw�xMn5{ } (6.3)

�+'�(Z»¥|g� ,

κ(G) = min{κs,t(G) | s, t ∈ V, s 6= t, {s, t} 6∈ E} (6.4)

�Qn3| .

G = (V, E) iRðyxQz , G È@J s � ~ t
Ï J k

è JM\ P1, P2, · · · , Pk j , Ù3xG�MJ#"-�gn3| 2
è JM\ Pi, PjÙ (s � t

:  @J ) �G�c� $�%�xDn5{"�7¼ , �'&3�3�_|g�îí;¿ } | ( À 6.8 �($B¢ ).

e
a

s=b c

d

f

t=g

À 6.8: � ¬ n k = 3
è J s = b � ~ t = g

Ï JM\ ( (U[@J ��� )

���
6.3 (Menger J 'Ol ( �G� ÊK8�� �V2 )): êGëGì G = (V, E) � , G J 2 �_� s 6= t iEð�xQz , κs,t(G)j , s � ~ t

Ï JR� ¬ nM\BJ�'�� è q@ifa�xQ{ .

d J 'Ol"�MòZ{Uz κs,t(G) ���
�¥»¥|Rà��@j , 	 9
� �VÞZ» .

7.
���

������� �����
À 7.9 #�7Zm;iOj , %
	3êOëOìK�Mj �G��)O¶ V �+*�)O¶ A ⊆ V × V JRð G = (V, A) J 5¥�3�_| .

.
7.1: À 7.9 J_êOëOì9j ,

V = {a, b, c, d, e, f, g}, A = {(a, b), (a, d), (b, c), (b, e), (d, e), (f, g), (e, g), (c, g)} (7.1)

JRð G = (V, A) �3�_| .

G = (V, A) �R%
	;êOëOìK�5x , s � t � G J#"
�gn3| 2 �G���î»¥| . ß ~ i , ,�* (v, w) ∈ A iRðyxDz��
 �îí;¿ } |��@J�1Oq u(v, w) p0/Z¾ ~ú} zG{;|g�î»¥| .
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e
a

b c

d

f

g

À 7.9: %
	;ê5ëOì
d JB�V¼7i , f : A→ R j ,

∑

(v,w)∈A

f(v, w)−
∑

(u,v)∈A

f(u, v) = 0 (v ∈ V − {s, t}), (7.2)

0 ≤ f(v, w) ≤ u(v, w) ((v, w) ∈ A) (7.3)

�Dø
&Z»Z|g�7¼ , G È@J ���
�c�îí;¿ } | . ì�� 8 f iRðyxDz ,

∑

(s,v)∈A

f(s, v)−
∑

(v,s)∈A

f(v, s)

� f J � 
 �îí��O� val(f) �+�Ás .

.
7.2: À 7.9 J_êOëOìV� , s = a, t = g �5xozgß ~ i , ,�*@J��
�"�
	��Oi /Z¾_�ZÙVJ3� , À 7.10(a) ifÞ» . À 7.10(b) j , 3_§;J3ì
� 8 �3�_| .

d JB�7¼7J3ì�� 8 J����@j 5 �3�_| .

e
s=a

b c

d

f

t=g

2

2

2

2

1

2

4

2

2
e

s=a

b c

d

f

t=g

2/2

2/2

1/2

2/2

1/1

1/2

3/4

2/2

1/2

(a) (b) f(v,w)/u(v,w)u(v,w)

À 7.10: ����
�¼,%
	;êOëOìK�Eì�� 8
��� ����� �Qj , '��¥J����"� !Z§Kì�� 8 � õ �G|����K�_�_| . '��������Bj : Æ�� ¯����! #" �MòZ{5z$ s d �îpO�g¼9| .
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1: f(v, w)← 0 ((v, w) ∈ A).

2: ���"êOëOì Gf ���c| .

3: for Gf È@i s � ~ t �7�3J#%
	M\ P pVuOwZ»¥| do

4: ∆← min{uf (v, w) | (v, w) ∈ P}.

5: for P J	,�* (v, w) iX§_{5z do

6: if (v, w) p G J * then

7: f(v, w)← f(v, w) + ∆.

8: else

9: f(v, w)← f(v, w)−∆.

10: end if

11: end for

12: end for

À 7.11: '���������� $ sî�5�GJ�� ¯����! #"
ì�� 8 f p0/Z¾ ~ú} �B�7¼7i , f J���� ����� Gf = (V, Af ) �Mj ,

: Æ¥J¥¢Z�Qi '�(�ß } | .

Af = {(v, w) | (v, w) ∈ A, f(v, w) < u(v, w)} ∪ {(w, v) | (v, w) ∈ A, 0 < f(v, w)}.

ß ~ i , ���"ê5ëOì9J	,�* (v, w) ∈ Af iRðyxDz , ��� uf (v, w) �
uf (v, w) =

{

u(v, w) − f(v, w) if (v, w) ∈ A,

f(w, v) otherwise.

.
7.3: À 7.12 �îÀ 7.13 i�� ¯����! 
" p����Z»¥|DÛ
	"�oÞZ» . '��
�@J����@j 6 �_�_| .

8. λs,t(G) � �
�

êOëOì G = (V, E) � , s, t ∈ V p0/Z¾ ~ú} �@�7¼ ,
: Æ¥J¥¢;�Qi#%
	;êOëOì D = (V, A) � ©Oª »¥| .

A = {(v, w), (w, v) | {v, w} ∈ E}.

ß ~ i , D J	,�* (v, w) J��
� u(v, w) � · z 1 �î»¥| .d J¥¢;�Di '�(�ß } ��% 	;ê5ëOì D = (V, A) � u iRðyxoz�'������ ��� $ �U¿�'����@J����gj , s � ~ tÏ J * ¬ nf\BJ�'��KJfq@i5nZ¦EzG{;| . Menger J 'Ol ( 'Ol 5.1) i¥¢U¦Ez ,
d Jfq@j λs,t(G) �æa�xQ{ .

9. κs,t(G) � �
�

êOëOì G = (V, E) � , s, t ∈ V p0/Z¾ ~ú} �@�7¼ ,
: Æ¥J¥¢;�Qi#%
	;êOëOì D = (V, A) � ©Oª »¥| .

A = {(v, w), (w, v) | {v, w} ∈ E}.dOd �7�3jZß5¦G¼;�QÚBÝ .
� i , D � ~ %
	;êOëOì D′ = (V ′, A′) � : Æ¥JZ¢Z�Qi '�(Z»¥| .

V ′ = {v′ | v ∈ V − {s, t}} ∪ {v′′ | v ∈ V − {s, t}} ∪ {s, t},

A′ = {(v′, v′′) |v ∈ V −{s, t}}∪{(v′′, w′) |(v, w) ∈ A, w 6= s, t}∪{(s, w′) |(s, w) ∈ A}∪{(v′′, t) |(v, t) ∈ A}.
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À 7.12: '��
�����"� $ s
� ¯����! #"

¹gxDz , D′ J · z3J *@J���� u � 1 �î»¥| .d J;¢;�oi�'�(�ß } ��% 	3ê5ëUì D′ = (V ′, A′) � u iMð�xîz('���� � �B� $ �X¿�'����KJ��!�gj , s � ~
t
Ï JR� ¬ nf\BJ�'��KJfq@iUnZ¦EzG{;| . Menger J�'Ol ( 'Ol 6.3) i¥¢U¦Ez ,

d Jfq@j κs,t(G) �æa�xQ{ .
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	;êOëOì G; (b) G � ~ ©Oª ß } | %
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À 9.15: (a) G /;¾ ~ú} ���
	_ê5ëOì ; (b) G � ~ ©5ª ß } |R%
	3ê5ëOì D; (c) D � ~ ©Oª ß } |E% 	;ê5ëì D′
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