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T TA AL b

X AMRERLTDH. XOEBERELY, LATD 254
(A1) 0, X € L.
(A2) AL Be L=— ANBEeL.

iR T 5L %, (X, L)% alignment EFES. LOTEEHESR L MRS,

TIA A M X, LKL T, 702X 52X %
(A) =({ClACCeL} (ACX)
TEHTD. 2FV, 7p(A)IT A ELERNDHAES.



Proposition 1: 7 l3MEEAE T+THS. BIL, 7 := 171X TFD (C1)-
(C4)zTaEd 5.

(C1) 7(0) = 0.

(C2) VAC X: A C1(A).

(C3) VAL BC X:ACB=— 7(A) C 7(B) (Monotonicity).

(C4) VAC X:7(7(A)) = 7(A) (Idempotence).



PHEEE NS T 7 A A b

Wiz

Proposition 2: BlAEE T 72X 52X REx 6N X2, LC2X %
L={A|Ae2% r(A) = A}
TEHETDE(X,L)IEITTAV A NI D., b, 7p=71. [

o LIKRIL, LB OBIL 0 T, ODRVICTEENTEDT S,
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il

o AIRES X C R".
7(A) = conv.hull(A)NnX (ACX).

L= "R Al

o HIRFIEFES P = (X, X).
7(A)

{x|x € X,Ja € A:x < a}
A THERSNDAT TV

L=P OAT T IVEIR.



F

i 5 -

=

(X, )T T7A AT 5.

o MIHEAACXIZHLT, 71(S) =7(A) 72585 C A%, ADspanning
set & FES. BFIZ, A ORB/NE spanning set & &K & FE5.

o ex:2X s 20X %

ex(A) ={plpeApgr(A-p)} (ACX)
TEHZL, (X, L) DinmEEF LS. p e ex(A) X, ADimE & I
5. (X, L)DEER T THDII EEERT H-DICex DRV IZex, & E
ZeEHH 5.

o ACXIiZ, ex(A) = AD L X free LI S.
ex(L) =the free sets of (X, L) &7 5.



Example 3:

abc

ab

L

ex(L£) = {0, {a}, {b}, {c}, {a,b}} TH 5.

abc — ¢
o
ab — ab ca — C bc — ¢
o o o
ar— a b—b CH—C
o o o
® 00

ex: 2X s X
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akeps 0]

TI7A A M(X, L)X T ORI ANE

(AE) VK € LVp,q € K:ge 7(KUp) = p & 7(K Uq).

ZiEdT 5L &, hEAIEMHIND., TI7A U A M (X, L) RTHD &
S, HEAK e LOZLZRKIERLNSZILLHD.



Theorem 4 (Edelman and Jamison): 77 A > A2 b (X, L) D3 IhE&{r T
b5 & EUTORETIXFEE.

(a) EBEOHEAK # XIZHLT, KUpNHTHD X o7p € XBTFEET 5.

(b) fEED A C XIT—EBERREELX .

(o) EFBEOHEAKIZHLT, K = 7(ex(K)) (B Minkowski-Krein-
Milman ).

(d) IEEOHEAK tp g KIZHL T, pe ex(r(K Up)).



i

Theorem 5: 77 A4 A2 M X, L)DBIMEATHDHZ L ELUUTOLTILEE.
(1) Minkowski-Krein-Milman #Dii: VA C X:ex(7(A)) = ex(A).

(2) ex|,: L — ex(L) DSAaHEH.

(3) PI: VA,BC X:ex(AUB) = ex(ex(A) Uex(B)).

(4) Aizerman: VA,BC X:ex(B) C AC B = ex(A) C ex(B).

(5) % Aecex(L)ZKHLT, ex HABRKETH 5.



R8T (2) — eX|p: L — ex(L) D —

ex

o

ex(K)

ex(L)

/




AT (5) — ex HA) B —

eX

4 ) 4
-
ex—1(A) T
\\v A
\_
\_ . \_ ex(L)
2X X
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Koshevoy Dl i1 DO REEATH T D BIGE

Theorem 6 (IZ& A& Koshevoy): A mapping S: 2% — 2% js the ex-
treme operator of a convex geometry if and only if it satisfies

(Ex1) VA C X:S(A) C A.

(Ex2) Vp € X:S({p}) = {p}.

(Ex3) ACBC X = S(B)N A C S(A) (Chernoff).
and

(Aizerman) VA, BC X:S(B) CAC B = S(A) C S(B).



TIAL AL RO \Z BRI D RE N E

Proposition 7: A C X BHTHIT=ODOME+SFEMIL, EEDOp & Al
HLTpeex(AUp) b2 &THS.

(Proof) (+5t:) AZMLT5. pgd A, 7((AUp) —p) =7(A) =
AZp. o7, peex(AUp).

(L) EEDOp & AITKL T, peex(AUp) 325, T5&, pg ARRD
XpZ1((AUp) —p) =7(A). 815, 7(A) C A. [



Proposition 8 (Edelman and Jamison): ACX LT, BCAZAD
& D spanning set L 4+5& %, ex(A) C B.

(Proof) B ADREEEL LT, px ADmmRET D, HL, p & BThUZ,
BCA—-—pToHLIZNG, 7(B) C1(A—p) c7(A). TN, BHRADREEKLE W
H>Z LI TS. O

Proposition 9 (Chernofff4; falE-MA for cg): A C B C X72biE, ex(B)N
ACex(A)Th 5.

(Proof) pe ex(B)NALRGIX, pgd1(B—-—p)Thd. bIZ7(A—-p) C
T(B—p)ToHLONL, p€&Tt(A—p). [



Proposition 10 (F5-fA for cg): KEZHESLTILE, ph K DA
THDHEDDOVELLGEMITIK — pBRHAICRb2 L THS.

(Proof) (WEM:) pe K KDmmAETDH. (K —p) CK —pZEREilR
W, 7(K—p) C1(K) =K. £pldmRToHL006, pZ€1(K —p). £-
T, 7(K—p) C K —p.

() ZHITHAL . O
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Lemma 11: £FED A C XIZXL T, ex(7(A)) C ex(A).

(Proof) p e ex(r(A) &T 2L, p g r(r(A) — p).
A-pC7(A)—p = 7(A-p) C7(7(A) —p)

P, pZ€T(A—p). Flepert(A)THDINL, AFA—p, BIL, pe A
TRWEWTZRW., LoT, peex(A4). O



Remark 12: #ilxiE, TETRINDLOIRTITA LAV N (X, L) EEB XL
7. 22T, X ={a,b,c}, L=A{0,{a}, {b},{c},{a,b},{a,b,c}} THS.

abc

ab

L

A= {a,c}¢-T5¢L, ex(A) = {a,c} THLHDIZXL T, 7(A) = {a,b,c} T
HHDT, ex(7(A)) ={c} &£25DT, ex(7(A)) cex(A) TH 2.
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Theorem 13: 7742 AV (X, L) DI TH B 71- O DMLEFMEIT,
FEBEDAC XIZHLT ex(A) = ex(r(A)) &2BZLThD.

(Proof) Ml 1112k »>T, —IZex(A) D ex(r(A))Th 5. bL, LAY
W TH D2 HITTEEA4(C) ITL->T, ex(7(A))IX AD spanning set TH 5
M, A 8 LY ex(A) C ex(r(A)).

W LB TleneE 5. BB A4(A)ICL-T, bHHAEEGK L p g KB 7
LT, pgex(r(KUp)). £ZAN, A TIZE->T, peex(KUp)Th5H
N6, ex(KUp) ex(t(KUp)). [



Corollary 14: 7742 A v b (X, L) DNIH(i] T 572D DB+ 5M03
FEBEDAC XIZHLT 7(A) = r(ex(A)) 225 L ThD.

(Proof) THMIXEs 4(c) LW iEH. MEMZEHT L0, L8N

e LT, A C XEEELETSH. EH 4(C) & T 1312L5T, 7(A) =
r(ex(1(A))) = 7(ex(A)) TH 5. [

5-f



(AR D i AR B D JR

Proposition 15 (Idempotency): (X, )27 7 AL A F&T 5. {LED
AC XIZXL T, ex(ex(A)) = ex(A).

(Proof) ex(A) CATH L0, il 9IZ L >Tex(A) = ex(A)nex(A) C
ex(ex(A)). [

(X, L)ETIA AP eT5. ex(L) C2X %

ex(L)={A|AC X,ex(A) = A}

CEFRT D, M8 1510k T, Bex: 2% — ex(L) 1%, well-defined T
H 5.



Theorem 16: 77 A2 A s LRI THNIL, ex|p: L — ex(L) N4
Bt L%,

(Proof) EH 13125 - T, ex(4A) = ex(7(A) TH5BH. LEN-T, ex|H
ERTHDHZ LITH LD,

K,K' € Loex(K) = ex(KN 72513 MKM#E (BF 4(c)) ItkoT
K = r(ex(K)) = r(ex(K")) = K'. [

Corollary 17: 77 A AV M (X, L) THDIRBIE, F#0£2ACX
L Tex(A) E=DE7 5.

(Proof) (X, L) MMM THLHETH. ACXETDH. ex(A) = 07251,
F 14125 -5T, ex(7(A)) = 0. =612, EH 162X, 7(A) =0 TH D
Mo, TOEFRAMIZL>TA=0. O



FH 160U HEE% 5.

Theorem 18: ex|,: L — ex(L)B—X—XIETH D7 b, (X, L) 1T
fiChs.

(Proof) ex|, : L — ex(L)DN—xf—xIibThdET5. L, (X, L)%
A CRVDRLITERE 4(c) I2X-oT, HIHEAK €¢ LEAHFELT, K S
T(ex(K)) &72%. KL T, ZOXIRMAEED 5> B Tex(K) BBRRH D
T 9.

B KDbBHIELETHE, ex(K)IFKZENZ2WNL B 5 ex(K)Th 5.
IbiZ, Beex(L)yThsd., ¥~RbiEb e BE345HE, BlidK DR/ 2
spanning set TH 5026, 7(B—b) c K = 7(B). L72>T,bg 7(B-=b) I
NHTHD. ex|, NERKFNTHLIND, DK # L € LBFEL TB = ex(L)
%, LA, KOEXREFNPLL =1(ex(L)) =7(B) = K. ZHUIFJE
Ths. [
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L7Z3->T, UTDORERD.

Corollary 19: 77 A2 Av b (X, L) BNiEfi] Th 572 D MLIEA-43 5407,
ex, L — ex(L)DB B L sEHTHD. [



Proposition 20 (FF-fA for cg): LETTA L A FET5D. Acex(L)
2> B C ABIE B € ex(L).

(Proof) A = ex(A) &35, mEHIICEY, B=BnNA=DBnex(A) C
ex(B). £7=, ex(B) C BIZEENLHL . [
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Example 21: TONVEEKTRINDT 74 A b (5B, &) (X, L)
wZx%5. X ={a,b,c}, L =1{0,{a}, {b},{a,b}, {b,c},{a,b,c}} THS.

abc abc — ca
o
ab — ab ca — ca bc — ¢
ab bc o 5 o
a a+— a b— b cCHC
o o O
0 ® )0
L ex: 2% — 2X



EEE AN T IA LV AV N EELHT &

Proposition 22: £EDT7 54 Ay MR LT, § = ex: 2X — 2X 1%, LU
T (Ex1)—(Ex3) % i@ 9 5.

(Ex1) VA C X:S(A) C A.

(Ex2) Vp € X:S({p}) = {p}.

(Ex3) ACBC X = S(B)NAC S(A) (Chernoff %£).

(Proof) (Ex1)IZHMH. (Ex2) b EENLHALN. (EX3)1E QI k 5. [



Proposition 23: (Ex1) and (Ex3) imply the following

(Ex4) VA C X:S(A) = S(S(A)) (Idempotence).

(Proof) (Ex1)IZ & ->TS(S(A)) C S(A). HDaEgEkE R~RLZW. (EX1L)
2L -TS(A) C ATHD0E, (Ex3)IZL-TS(A) = S(A) N S(A) C
S(S(A)). O



Proposition 24 (Moulin): Chernoff (Ex3) is equivalent to any one
of the followings four conditions provided that (Ex1) holds.

(Ex32a) VA, B C X:S(AUB) C S(S(A) U B).

(Ex3b) VA, B C X:S(AUB) C S(S(A) US(B)).

(Ex3c) VA, B C X:S(AUB) C S(A) U S(B).

(Ex3d) VA,B C X:S(AUB) C S(A) U B.

7-b



Remark 25: The reverse inclusion, say (Ex3c), does not hold in
general. Consider the alignment (X,£) in Remark 12. For A =
{a} and B = {b,c} we have ex(A) = {a} and ex(B) = {b,c} but
ex(AU B) = ex({a,b,c}) = {c}.

abc

ab

®
o
®



Theorem 26: 5 S:2X — 2X | ZxL T, (Ex1)—(Ex3) Y oL ¢
5. LC2X %

L={A|ACX,Vpe X —A:pe S(AUp)} (1)

TEETDHE, (X,O)IXTTA AV NI D. &6, EFEDOK € LITHL
TS(K) =ex,(K)Tohoh, —KIZS Dex, ThHb.

(Proof) (Fi¥:) X € LIFEPITARY 2D, (EX2)ICL > T, fEEDp € XIT
L Tpe SHUp) THINS, 0 € LTHD. Lh-T, (AL ITRENT.
(A2) &% 5.

ABeLlLltThH pe X—(ANB)EEZx LY. pe X—-AFlIpe X - B
ThHHEND, LOEHRLY, pe S(AUP) E-iipc S(BUp)THS. (Ex3)
#, (ANB)Up C AUp & (ANB)Up C BUpIZXLTH#EAT S L&,
peES(AUpP N((ANB)Up)Eidpe S(BNp)N((ANB)Up) TH DD
5, peES((ANB)Up)RELND. LTER->T, ANBELTHS.
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(2 BONCEED A C XIZRLT, exp(A) C S(A) THDHZ L ERE S,
peex,p(A)T2L, pe A opET(A—p). T(A—p) E LTHDND,
VgZT1(A—p).ge S(t(A—p)Uq).

pZ€T(A—p)THDLNL, pe S(r(A—p)Up). ACT(A—p)UpDOpec A
ThHH1L, (EX3)ITEL->Tpe S(A).

KelLktdsd. S(K)Cexp(K)Zrnd7eoHili, méE 10iI2X->T, £ED
pESK)CKHLTK —pe LEVWIEERETRN. pe S(K)EL LY.

g€ K —pld5. bLgqFphbllqg KThHHMNE, K e L LWHEZ
FoT,qeS(KUq)ThHd. £ZAT, K—pUgqC KUqgThsrNb, SIZ
x4 % Chernoff #i2 XV,

geS(KUg)N(K —-pUgq) CS(K—-pUgq).

HbLg=pThoHDH, g=p€e S(K)=S(K—-pUgq). 2T, K—p€ L.
L]



Remark 27: &N s, —fKIZS £ ex, TH5D. TRTREND S: 2% —
2X HEZ L5, iU, BiOF 21 DexE HWT,

| A} if A= X,
S(4) = ﬁmxﬁc otherwise
EEFEFDH. S D Chernoff i@ T 52F %2 57T 0ICIE, FEED A #= XITX
LT, S(X)NACS(A)ZANUIEW. exiX Chernoff 476,
S(X)NACex(X)NACex(A) =5(A).
D NER (EXL)—(Ex2) XL ML TV 5.

abc — ¢
o
. ab — ab ca — ca bc — ¢
S:2%X - 2% ° ° °
ar— a b—b cCH—cC
o o o
D0
o

7-f



ZDSHE (1) TLETES

e,

abc

ab

L

T5HE, EORBBLND. ZOLPDex, ZatET

abc — ¢
o
ab — ab ca—r C bc — ¢
o o o
a— a b—b c— c
o o o
® )

ex,p: 2% — 2%

EEZR DN, exp({c,a}) c S{e,a}) THS.

-9



H A8 D ex A K D HRFEATT

Theorem 28 (Koshevoy): Suppose that an alignment (X, L) is a
convex geometry. Then, S .= ex, satisfies following condition.

(PI) VA,BC X:S(AUB) = S(S(A) U S(B)).



et us consider the following condition.

(Aizerman) VA, BC X:S(B) CAC B = S(A) C S(B).

Proposition 29 (see e.g. Moulin): Aizerman is eqgivalent to the fol-
lowing Aizerman’ provided that S(S(A))) = S(A) for every A C X.

(Aizerman’) VA BC X:S(B)CACB= S(A) =S(B).



Theorem 30 (Aizerman and Malishevski): Suppse that (Ex1) holds.
T hen,

PI — Chernoff + Aizerman.

Theorem 31: An alignment (X, L) is a convex geometry if and only
if ex: 2¢ — 2X satisfies Aizerman.

(Proof) Suppose that (X, L) is a convex geometry. Then, it follows
from Theorem 28 and Theorem 30 that ex safisfies Aizerman.

Conversely, suppose that ex safisfies Aizerman. Since we have
ex? = ex by Proposition 23, we have Aizerman’ by Proposition 29.
Let A C X be arbitrary. We have from Lemma 11 that ex(7(A)) C
ex(A) C 7(A). Then, by Aizerman we have ex(A) = ex(ex(A)) =
ex(7(A)). It thus follows from Theorem 13 that (X, £) is a convex
geometry. [

8-b



Theorem 32: Suppose that S: 2 — 2% satisfies (Ex1)—(Ex3) and
Aizerman. Define £L C 2% by (1). Then, (X, L) is a convex geom-
etry and we have S = ex,.

(Proof) B 2612 L>T, LIIT TA LV A, exp, CS, D, fEEDK € L
2L T, S(K) = ex (K) ThorHEIZHEREL TEL.

WONZ, LB E WIS FE2RT. ACXEEELTSH. EH 26 M8 11
IZ ko,

S(7(A)) = exg(7(A)) C exg(A) C7(A).
EXUZ Aizerman ZEHT 5L, S(7(A)) = S(ex,(A)).

ex,(A) C S(A)DBRINTDITTH DN, (Ex3) & (Ex1)IZL-T,
exc(A) = exz(A) N S(A) = ex,(A) N S(S(A)) C S(exs(A)).
(Ex1) ZHW\WT, ex,(A) = S(ex,(A)).



Lo T,
exp(A) = S(exg(A)) = S(1(A)) = exp(7(A)). (2)
EF 1312 Lo T, LM%M CTHh 5.

Rz, S=ex,&2r~7. X(2) L EH 2612 L5 T,
S(t(A)) = exg(A) CS(A) C7(A).
ZHZ Aizerman AT 5D &,
exp(A) = S(7(A)) = S(S(A)) = S(A).

8-d



Koshevoy DR & o i

Corollary 33: A mapping S: 2% — 2X js the extreme operator of a
convex geometry if and only if S satisfies (Ex1)—(Ex3) and (Ex6).
Furthermore, a convex geometry is uniquely determined by its ex-
treme operator. [

B3 S 2% — 2X %, LT (CL)—(C2) 2R 5 & X BINEH L TIN5,

(C1) S@) = 0.

(C2) D#S(A)CA (0#ACX).



Koshevoy DGR, k& FEZR

Corollary 34 (Koshevoy): A choice function S: 2% — 2% js the ex-
treme operator of a convex geometry if and only if S satisfies Path
Independence. ]

Remark 35: Koshevoy 1%, BRI S: 2% 52X 52 bhT- & X,

S(A) = {A'|ACX,5(4)=S(4)} (ACX)

TS 2% 52X 2EHL T, L S » Path Independence #i#i&d 57
SIE, S0, HOMMRMOAUEAETFTHLHZ L ERLT.

HER X REAE I Lo C—EBIZIESZINS. L S PI 27D TH
X, Koshevoy OfERY A OFRBFE—DOMME2 52 5.

LoT, xR (FH 32) & Koshevoy OFERIZFEIL fiazx EE 72903,
WHRDORIENIE ) D THWIZHZELAE I DD THD.
10



Remark 36: Chernoff Zimad 5 —MD SIZXfL T, A OFERITINT T T
ALV AV M B2 B2 L TSIEHPAAEE TRV, FEE 27T DflE R TH
£9. S{c}) ={a,b,c} Z {c,a} = S{c,a}) TH 5.

abc — ¢
o

ab — ab ca — ca bc — c

o o o
ar— a b—b CH—C
o o o
00
o
S:2X X

10-a



One More Characterization

For an alignment (X,£) and A € ex(L), let us consider family
ex"1(A). If B € ex 1(A4), then we have A = ex(B) C B. Hence,
ex 1(A) has a minimum element A.

Theorem 37 (Dean and Johnson for “if part”): An alignment (X, L)
is a convex geometry if and only if for each A € ex(L£) ex~1(A) is
an interval.

(Proof) (“if" part:) Suppose that (X, L) is a convex geometry and
let A € ex(£). We claim that ex 1(A4) = [4,7(A)]. Let B € ex~1(A).
We have shown that A C B. Also, we have from Corollary 14 that
B C 7(B) = 7(ex(B)) = 7(A). Conversely, suppose that A C B C
7(A). Since we have from Theorem 13 that A = ex(7(A)), it follows
from (Aizerman) that ex(B) = A.

11



(“only if” part:) Suppose that for each A € ex(£) ex~1(A) is an
interval [A,B] for some B C X. We will show that ex satisfies

Aizerman.

Suppose that ex(D) C C C D for C,D C X. Let A =-ex(D). Since
D € ex 1(A), we have C e ex 1(A4), i.e., ex(C) = A = ex(D).

It follows from Theorem 31 that (X, £) is a convex geometry. [

11-a



Characterization of Distributive Lattices

Theorem 38 (Koshevoy (see also fAJR-[A)):
Suppose that (X, L) is a convex geometry. Then, L is a distributive
lattice if and only if S .= ex satisfies:

(Expansion) VA,B C X:S(A)nS(B) C S(AU B).

(Proof) (“only if” part:) Suppose that £ is a distributive lattice.
Then, L is the set of order ideals of a poset P = (X,<) and we
have

ex(A) ={ala€ A, Ab € A:a < b}.

Then, it is easy to see that for each A,B C X we have ex(A4A) N
ex(B) C ex(ex(A) uex(B)). Applying Path Independence yields
Expansion.

12
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