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Characterizations of Extreme Point Operators

of Closure Spaces
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XEHBELSLTS. 128 240N DUTFTEEBETAE X XETOX (X, 1)
ZIbOAF &S,

(C1l) VAC X:ACT1(A). (Extensionality)
(C2) VAL BC X:ACB—71(A) C 7(B). (Monotonicity)
(C3) VAC X:7(7(A)) = 1(A). (Idempotence)

(EA) VAC X,Vp,q &€ 17(A):qge 7(AUp) = p e 17(AUq).
(Steinitz-MaclLane Exchange Axiom)
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~ b A RDOH —17Hl~ b AR —
XX CR"ZRHAMWRESGETSH. ACXIZXL T,

7(A)

{z|z e X, xid AITHREER }
X N(ATEKRLNDETZER)

L45e (X, r)iE~w huARIchD.



T (BDWE, 7o F~haAR)

XBAREATT: 2% 5 2XNRLUTEMmETH L &, 3 (X, 7)1 (7
F~brAR) EHEIND.

(CO) (0) = 0.

(C1) VAC X: A C 7(A). (Extensionality)
(C2) VA,BC X: AC B = 1(A) C 7(B). (Monotonicity)
(C3) VA C X:7(1(A)) = 7(A). (Idempotence)

(AE) VA C X,Vp,q g 7(A) with p# qige 71(AUp) = p Z 7(AUq).
(Antiexchange Axiom)
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BIRES X CRYMIXHLT, 125 - 25 %

7(A) = conv.hull(A)NnX (ACX).

TEET DL, (X, 1) IF 5.

VAC X,Vp,q€17(A):qe T(AUp) = p & T(AUJq).
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ARREEFES P = (X, )L T, 12X 52X %
T(A) ={z|r € X,Ja€ A:x <a} = (A TERINDAT TIV)
TEETHE, (X, 1) FrM% .

\NIA\&VV — AQJ Qv &u mg «\.W

VAC X,Vp,q€17(A):qeT(AUp) = p & T(AUJq).
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N (BB SEAE v/ 7

i P WV Dietrich (1989)
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X ERESLTS. 5ar2X 52X DITD 3454k

(C1l) VAC X: ACT1(A). (Extensionality)
(C2) VAL BC X:ACB— 7(A) C 7(B). (Monotonicity)
(C3) VAC X:17(7(A)) = 1(A). (Idempotence)

e T HEE, (X, ) zFASZER L RS

vhuAFK wm%\/ﬁﬁmwé%wﬁmﬂd& 0, (IR AT E T(0) = 0
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Proposition 1: FAZEM (X, r)IZXL T, LC2X %
L={A|Ae2% r(A) = A}

TEHRT D &,
(A1) X € L.

(A2) A BeL=—ANBEL.
]

LDILZEALE & 5.

)

o (X, 1)~ huAFNDLXX, A= 77 v (EmZEM).

o (X, 7)W=V DL &L, BHES= “THER".
o (X, T)BEEYF -z rDE XL, HES=ATT .
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(A1) X € L.
(A2) A, Be L=>ANBEL.

BRI AEAHEL C2ANE2bhiE &, 72X 52X %

(A =(|{ClACCeL} (ACX)
TEHTS. (DEY, 7(A) X AT ELR/INOHES. )

Proposition 2: 7, 130EE T+ THD. B, 7 := 713 (C1)—(C3) &7
RBTD. DFY, (X, 7o) IXABZER. 61, 7, OFESITL. [0
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(X, 1) ZFAEZEE L T5. ex:2X - 25 %

ex(A) ={plpeA,pgr(A-p)} (ACX)
TEEL, (X,7) DBEEEF LIS, pcex(A)id, ADBELFINS.

Ik
o (X, T)~¥huARDEL XL, ADIHR = ADisthmuses.

o (X, T)Whv =V 7D EIX, AvmmR= conv(A) D /.

o (X, )BHEEY R Tz T DLEE, ADWE = ADHTHAR LD

—fRIZ, A DPThex(A) =052 2bh5. MAREFIL, BAOHEET
DAL DTHB.



Free subsets (B HER)

(X, 7)ZzHBZERETS.

AC X1, ex(A) = AD L X HEL HIN 5.
£l
o (X,7)NvhOARDLXIE, ARES = MTES

o (X, T)Whr=Vr 7L XX, BHERA= WrER
o (X,T)BAREY L -V 7DLEX, BHES = K# (antichain).
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Proposition 3 (Chernofff): A C B C X72biE, ex(B) N A C ex(A)
Th5. [

i)

Lemma 4 (A (2001)): (X, 7)) ZA@ZERETSH. F£AC XIZHLT, A
D ex(A) 1,

ex(A) =(|{B|B C A,7(B) =1(A)}.
EETH. O
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Proposition 5: (X,7) #MAZE/MLT5 &, ZOMEAEE Fex: 2X - 2X
%, ATFT?D (Ex1)—(Ex3) ZiiE 3 5.

(Ex1) VA C X:S(A) C A. (Intensionality)
(Ex2) ACBC X = S(B)NACS(A). (Chernoff property)

(Ex3) VA C X,Vp,q &€ A:
(p g€ S(AUp),qe S(AUq)) = q€ S(AUpUq).

Theorem 6: G4 S:2X — 2X %L T, (Ex1)—(EX3) Vo LT 5.
2% 52X %

75(A) H\»cﬁ@_@m»%mmgcéw (1)
CRET DL, (X, 1¢) 1S A AR L L TR MaZETH S, [



Theorem 7 (A (2002)): A mapping S:2%X — 2% js the extreme
point operator of a closure space if and only if it satisfies

(Ex1) VAC X:S(A) C A. (Intensionality)
(Ex2) ACBC X = S(B)NACS(A). (Chernoff property)

(Ex3) VA C X,Vp,q & A:
(p g€ S(AUp),qe S(AUq)) = q€ S(AUpUq).
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Theorem 8 (A (2001)): A mapping S:2* — 2% s the extreme
point operator of a matroid if and only if it satisfies

(Ex1) VAC X:S(A) C A.

(Ex2) ACBC X = S(B)N A C S(A)

(Ex3) VA C X,Vp,q & A:
(p g€ S(AUp),qe S(AUQq)) = q€ S(AUpUq).

and

(Ex4) VAC X,Vpe X:pe S(AUp) = S(AuUup) D S(A) Up.
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Theorem 9 (A (2001)): A mapping S:2* — 2X s the extreme
point operator of a convex geometry if and only if it satisfies

(Ex0) Vp € X: S({p}) = {p}. (Singleton Identity)
(Ex1) VA C X:S(A) C A.

(Ex2) ACBC X = S(B)NAC S(A)

and

(Ex5) VA, BC X:S(B) CACB=S(A) C S(B).
(Aizerman’s Axiom)
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o MMM AR (free subsets) (2 & B FHEfHT .

o PAEIZEM L& greedoid @BEAf%R? (exchange system?)
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