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Rl (4.30 (a) [RW)): If K¥ — K for cones KV, K C R™ such that K is pointed, then con K¥ — con K.

(FEFA) FEED cone C IZxL T
conC=C+---+C (n’R)

Thbd (3.15) DT,4.29d) #HEHTHZLEEX LS.
o cone DEAIIFERIUR & EEDIKILFAME (4.25) 256, K¥ S K.
o K IZMA%RDT, 3.15 £V con K XA
e K ¥ closed cone 2D T, K x --- x K % closed cone. &= T,

K°x---xK®=Kx--xK=(Kx---xK)®.

ez 4+ +x,=0, 5, e K=K (i=1,---,n)

=1z =---=2, =0 (by the pointedness of K).

n {& n 1@
conK”:rK"+---+K'7i>’K+---+I€:conK.D

The following is a slight generalization of Proposition 3.14.

##RE: A cone K C R™ is pointed if and only if con K is pointed, i.e., the subspace (con K) N (—con K)
contains a nonzero vector.

(FEAA) First, note that (con K)N(—con K) is indeed a subspace. Suppose that 0 # x € (con K)N(—con K).
Then, since z € con K,
T=Ay1+ -+ Ay

for some \; >0 (i=1,---,k) and some 0 #x; € K (i =1,---,k). Also, since —z € con K we have
=2 = App1¥rt1 + -+ Ny

for some A\; >0 (i = k+1,---,1) and some 0 # z; € K (i =k +1,---,1). Since K is a cone, we have
z; =Ny € K (i=1,---,1) and have a expression

O=z1+ -+ x4, (].)

where x; # 0 for each ¢ = 1,---,1. Hence, K is not pointed.
Conversely, suppose that K is not pointed. Then, we have (1) for z; # 0 (i = 1,---,1). Then, we
must have [ > 1 and the expression
—T1=Z2+ -+

the left-hand side is an element of —K C —con K, whereas the right-hand side is that of con K. It follows
that 0 # —z1 € (con K) N (—con K). O
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#HRB: For a cone K C R" K is pointed if there exists a nonzero vector a such that
{z|az <0} N K = {0}. (2)

(FEFA) Suppose we have
T+ Fap =0z, €K (i=1,---,k).

FTRTDG=1,---, kiZHLTaz; >0 THD. RERDL, bL,az; <0RDiBHIX, (2)ITE-T
z; =0 THDHDT, ax; =0 ZIIIFE.

~ 5,

axy+--+azp =0

RRDOT,ar; =0 (G=1,---,k) X, 2IZL>Tz;=0(@G=1,---,k). BB, K & pointed. O

Note that the converse direction of the above lemma does not hold: Consider the “pointed” cone

{(0,&) | & <0} U{(&1,&2) | & > 0}
t8: For an arbitrary subset S C R™, we have
concl S CclconS and clconclS =clcon S

(FERA) If z € concl S, then
T= AT+ -+ Mg

for some A1,---, A > 0 with Zle =1and z1,---,zr € clS. Then, for each ¢ = 1,-- -,k there exists
sequence (z¥ |v =1,2,---) in S converging to z;. Let z¥ = Zle Aiz¥. Then z¥ € con S and ¥ — =x.
Hence, z € clcon S.
Since con cl C' C cl con C, we have clcon cl C C cl con C. The converse inclusion is trivial. O
Define K* C R™ by
K*={y|Vz € K:(y,z) <0},

where (-,-) denotes canonical inner product.

Rd: (i) K* = (con K)*.
(i) For a closed cone K, if K is pointed then K** = con K.

(EB) Since K C con K, K* D (con K)* is obvious. Suppose z € K* and let y € con K be arbitrary.
Since there exists A1,---,Ax > 0 with Zle Ai=1land 2; € K (i =1,---,k) such that y = Zle Aizi,

we have
k

k
(.'L',y) = (xaz)‘zzl> = Z)‘i<xazi> S 05

i=1

and hence, z € (con K)*. This shows K* C (con K)*.
If a closed cone K is pointed, then con K is again closed (3.15) (and pointed). Hence, K** = (con K)**.
ad

##%E (Theorem 2.7.7 [SW]): For a closed convexr cone K C R" we have K** = K.

(REPA) It suffices to show K** C K. Suppose there exists z € K**\K. Then, by Theorem 2.39 (Strong
Separation) there exists a halfspace H~ = {z | (a,z) < B} such that

K CH™ but {(a,z)>p. (3)

Since 0 € K, we must have 0 < .
We will show that we can take 8 = 0. Suppose that there exists y € K such that (a,y) > 0. Then,
for sufficiently large A\ > 0, we must have (z, \y) > 8. However, since Ay € K, this contradicts K C H .
We have a € K* and, since z € K**, we must have {(a,z) < 0. This is a contradiction. O
Note that the above lemma, when specialized to polyhedral (convex) cones, yields Farkas’ lemma.

tiR8: For a closed convex cone K C R™, K is pointed if and only if K* is full-dimensional.
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(FEFA) (“omly if “ part:) Suppose that K* is not full-dimensional then there exists a homogeneous
hyperplane H = {z | {a,z) = 0} such that K* C H. Then, K** = K contains one dimensional subspace
H* = {Xa| X € R}. So does K N(—K).

(“if” part:) Conversely, if K is not pointed then K N (—K) C K contains one-dimensional subspace
H*. Then K* C H** = H, and hence, K* is not full-dimensional. 0

#RE: For a closed cone K C R® K is pointed if and only if there exists a nonzero vector a such that
{z|az <0}N K = {0}. 4)

(FEFA) Tt suffices to show the “only if” part. Suppose that K is pointed. Then, con K is pointed, and
hence, (con K)* = K* is full-dimensional.
Let ¢1,-- -, ¢, be linearly independent vectors in K* and let

a=c¢ +---+cCp.
Define a polyhedral cone C' C K* by
C={hc1+--+ e | Ay, A, >0}

Then, C* D K* D K and C* = {z |¢;z <0 (i =1,---,n)} is pointed. We have {(a,z) < 0 for Vz € K.
Now, suppose z € {z | {(a,z) > 0} N K. Then we have {a,z) = 0, and hence, c;z =0 (i = 1,---,n).
But since ¢y, - -+, ¢, are linearly independent, we must have x = 0. 0

#RE: If KY = K for cones K, K C R™ such that K is pointed, then all but finite KV are pointed.
(fEH) Since K is pointed, there exists a # 0 such that
Kn{z|az >0} = {0}
by the lemma above. We will show that for all but finite » we have
K" n{z|az >0} = {0}
from which the present lemma follows. Suppose on the contrary that there exists N € V¥ such that
K'Nn{z|ax >0} # {0} (v€eN).

Then, there exists a sequence {z"}, . such that ¥ € K¥ (v € N). Since K" is a cone for each v, after
appropriate scalings if necessary, we can assume ||z”|| = 1 (v € N) so that there exists a cluster point &
with az > 0. Furthermore, we have Z € limsup, KV = K, which is impossible. O

Rl (4.30 (c) [RW]): If C* — C for sets C¥,C C R™ with C # 0 and C*> being pointed, then

con C? i) clcon C.

(GEH) (£ D C R* IZ%L T D C R*! %

f)::{)\[_xl] |x6c1D,A>o}u{[“g] |x€D°°}

LEFETD. ZHIT, HRERTET MZED csm D (= cl D Udir D®) ORI TH 5.
E3R: D i pointed TH D70 DLEAZHMIL, D™ 23 pointed THDHZ L TH 5.
(FEH) D™ 78 pointed THHEL T, 214+ --+2;, =022, €D (i=1,---,1) &T5. ¥5&, +T

DO T x; € {[ g ] |z € D°°} TRIFNERLRVDT, o; = [ Yi ] for some y; € D*®. D> &

0
pointed THLNO,y1 =--- =y =0. LEB>T, oy =--- =12 =0.
W2 D A pointed THHELT, yy +--+y = 02Dy, € D® (i = 1,---,1) T 5. x; =
[%’] (i=1,---,) &L, z14-45,=002z;€D (i=1,---,1) THBH, D ® pointedness 7>
bry=--=5,=0. W,y =---=y,=0.00
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Lo
£V
esm C” -5 esm € (iee.,cl C¥ U dir (C*)® -5 C U dir C™).
ZHFW & [RHE.
cv — C.
ZIT, AREZERS 2T v ITHLT, C¥ 13 pointed L7=B>TENHD v IZH LT, (C¥)™ 13 pointed.
C X pointed 72D T 4.30(a) HMEZ T,

con C¥ —» con C.
Z X cosmic space T
(con ¢l C* + con ((cl (C*))*)) Udir con ((cl (C*))™) % (con C + con (C™)) U dir con (C*)

ZEWT 5, p8l,14 LY
C™® = (c10)™.

RO,
(con ¢l C¥ + con ((C*)*°)) Udir con ((C*)*°) - (con C + con (C*°)) U dir con (C™).

0 # C = liminf, C” THLI0H, AREZBRS T XTO v IZHLTCOY £#0THHD. £72 C° b
(CY)*® b pointed TH DD 3.46 IZK>T

con C' + con (C*) =clcon C

D
con cl [C”] + con ([C¥]*°) = clcon (cl [C*]) = cl con [CY].

72,346 12K - T,
con ([C¥]*°) = (cl con [C¥])*>® = (con [C*])*®

RS
con (C*) = (cl con C)*° = (con C)*.

ol dte
(cl con C*) U dir (con (C*))® -5 (cl con C) U dir (con C)*.

ZhuiE, con C¥ L conC B#EHT B, O
R (4.30(b)): If C¥ — C for sets C contained in some bounded region of R™, then con C¥ — con C.
(FERA) i, 4.30(c) TC® = {0} DA, (con CIEFATH D Z LITHEE.) O

B|E (4.31): ForCYCR* (i=1,---,m)

cy —Ci(i=1,---m) = |Jor—JG
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(FERA) limsup U2, CY C U2, Ci Climinf 2, CY 5 5. z € limsupJ, CY L T5.

# v v .
IN e N, 3 ELJC’Z (veN):z -

i=1

BBi=1,---, mIcKLT
INeNE,F" € CY (v e N):a:”?)az.

HIG,

m
T € U limsup, CY = U~ C; = UX, liminf, CY.

i=1

z € UL, liminf, CY 72DT,
3i € m,AN € N, 3z” € C! (v € N):z¥ —

AN € N, Iz € UC," (ve N):m”Tm.

=1
z € liminf, ", CY.

3912&oT,
limsup™ -, C¥ C U7, limsup™ C¥ C Ui, C° C (UL, €i)™.0

iRl (4(8)): For a continuous mapping F:R" — R™ and D" C R™ we have

liminf, F~1(D") C F~!(liminf, D),

limsup, F~1(D¥) C F~1(limsup, D"),
(REBA) Suppose z € liminf, F~1(D"). Then,

3N € Ny, 32" € FH(D¥) (v € N):z¥ -

Then, since F' is continuous, we have

F(z¥) e DY (v € N) and F(z") 7F(w)
Hence, F(z) € liminf, D?, i.e, x € F~!(liminf, D¥). Similarly for lim sup. O

Rl (4.(9)): Iflimsup, X” C X, limsup, D¥ C D and if for each sequence (z¥) converging to x we have
FY(z¥) — F(x), then we have

limsup, (X¥ N F*~1(D*)) C X n F~1(D)
(FEHA) Suppose that z € limsup, (X” N F*~*(D)). Then,
IN e N, 32" € XY NF*" (DY) (v € N):z¥ -z
Then, z € limsup, X” C X. Also, since F¥(zV) € D (v € N) and F”(z") TF(x), we thus have

F(z) € limsup, D” C D. Hence, z € F~1(D). 0

fiRa: For a linear mappings L, L: R™ — R™, point-wise convergence LY — L is equivalent to L (z”) —

L(z) whenever ¥ — x.
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(’ERA) Suppose that LY and L are represented by matrices A¥, A € R™*". Then, the convergence
LY — L is equivalent to the convergence of the associated matrices: A¥ — A. [(Proof) Suppose
LY — L, ie., for each 2 € R* we have A2 — Az. Consider the unit vectors e; (j = 1,---,n):
A¥e; —» Ae;. This means each column of A converges to the corresponding column. Therefore,
AY — A. Conversely, suppose A¥ —» A. Then for each x = &1e1 + - - - + €., we have

A’z =& A% + -+ €A% — E1Aer + - + Ephe, = Az
Suppose LY — L and let us consider a sequence converging to x.
472" — Az|| < [|A"z" — Az”[| + [|A(z" —2)[| — 0 (v — o0).

Conversely, suppose that for each ¥ — x we have AYx” — Axz. Then, just considering constant
sequences (e;) (j =1,---,n) we have A¥ — A. 0O

EHE (4.32): Let
CY =X"n@)"Y(D"), C=XnLYD)
for linear mapping LY, L: R® — R™, convex X”, X C R" and convex DY, D C R™ such that L(X) cannot
be separated from D. If LY — L, liminf, X¥ D X and liminf, DY D D, then liminf, C¥ O C. Indeed,
LY —L X" —X, and DY — D = C¥ — C.

(FERA) EEOATPER R ENIIRFEIEATH 5.
Suppose that LY — L, liminf, X* D X and liminf, DY D D. Let

zeC=XnLYD).

EHIE, 2v € CV Ta¥ — b RDBOEELRITIINT RV, € X T,a:=L(x) €D THDHD
T, m¥ 3z e XV Tr¥ — gz eb Fl I e D" Tt —a LD 2 =LEY)-a" LTDHL,
z¥ — 0.

FHBEDIEIE 2.39 £V, 0 € int (L(X) — D) &RME. L7223 > T, 0 DEEKEEE S Cint (L(X) — D)
NFIET S,

S =con ({20,21, ", 2m}), 2i = L(z;) —u;, ; € X, u; € D.

X = liminf, XV 7>> D = liminf, DY TH A1 b,

A} € XV:izl — 2z (1=0,1---,m) 2> ) e€D":u)f —u; (i=0,1,---,m).

2 =L(x¥) —u? EEETDEL, 2V — L)) —ui =2 (1 =0,1,---,m) THDHNH, 2.28(f) iIT&->T, +
DR2D v LT, S¥ := con ({20, 21, ", Zm }) (THE, ELHFREERLS TRTO v IZHL T 4.15 I
LoT 0eint 8%, LEdoT, AREZRS T_TO v It T N, A = 1725 A, AL, -, AL > 028
(—EID) FFEEL T

0=XAgzg + A{2{ +---+ AL 2,

2.98(f) 12L& 5T (0 — 0), XY — X; (i=0,1,---,m). 2T,
0=2Xz0+ A2+ +An2m

for Ao, A1, -, Am > 0.
ZHLEFERRC, 29 — 0 ThoTe. FREZONRICEOARRER B 2 E 272 & ZICHRMEZ RV
FTRTO v ITHL T,
z#e€eBCS

L% (4.15) DT, TRHD v ITRL T,

m
2= Nz + Nz 4o+ N2k, for N, XY, -+, N > 0 with > A =1.
=0

ZZT,228(f) KV XN — A (i =0,1,---,m).

6" == min{1, N /Xy, AL /MY, -+, A /A0 )
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ETHELE,0< 60 <1HhD 0 — 1. XoT,pl = N —@NIZHLT,0 < p — 0. Fiz,

Yo H +0Y =1. WxIZ, XV & D" OMEZ Lo T

m
X”BZ/;;-’;U;-’—}—H”J’U”::JC”—);E ) D"aZu"u”+0"u”— u’ — u.

i=0
LT,
Lu(.'EV) —u = Z/‘;}LV _|_ HVLV u ZN — 0’ (5)
= ZN%’(L"@’?) —ug) + 6" (L"(z") — u") (6)
— Z MVZV + oYz (7)
= D =6z +0"(Y_ Nz ®)
=0 =0
= Yo o)
=0
-0 (10)

2k, zv eCv. O

% (4.32(a)): For linear mapping L”,L: R* — R™ and convexr sets D* — D, if D and ImL cannot be
separated, then (L*) (DY) — L=Y(D).

(FEH) Take X := R*. O

% (4.32(b)): For matrices A — A in R™*" and vectors b* — b in R™, if A has full rank m, then
{z| A"z =b"} — {x| Az = b}.

(FEBA) Set DY = {b*}, D={b}in (a). ADT V7 =mRHEARNT Fvb Im(A) 22D BESHLRWT
&L ZOFRMIRTE S 20

% (4.32(c)): For convex sets C¥,CY C R", the inclusion liminf,(CYNCY) D (liminf, C¥)N (liminf, CY)
holds if the convex sets (4.15) liminf, C} and liminf, C¥ cannot be separated. Indeed,

Y — C,0) —- Co=C{NnCy — C;NCy
as long as C1 and Cs cannot be separated.

GEH) XV :=CY, D" :=C¥,L:=1t7T%.
(AiTe:) EH 4.32 OFTPECEBWT, X = liminf, X¥, D := liminf, D & B,

CcY =0y nCy, C = (liminf, X¥) N (liminf, D")

ROT, EEBHY o,
(#4) ZDOFEAE. O

#®E (4.33): For sequences of convex sets CY — C; (i=1,---,q) in R" one has
crn---nCy — CiN---NC,

if none of the limit sets C; cannot be separated from the intersection ni:u@ei Cy. of the others.

(FERA) q IZBET D IRNIEIC L D. g =2D ¢ %&;t, 4.32(c) Th 5.

Cl —Ci(i=1,---,9) LT, Fi=1,--,qiZH/HLT, CilE NI_ 1 ki Ok D batIh2ne 35,
oL, Fi=1,---,q-1ITHLT, CiENIZ 1k¢10k MHABEEIN RV, WX, IIREDIREIZ L - T,
ciyn---nCy_y — CiN---NCy1.

£, CixNiZ Ck N FBEESNIRNVNG
(Cyn---NnCy  )NCY — (CiN---NCy1)NCy.
ZHEEVWIEWZ ETh ol O



